I. INTRODUCTION
T HE PROBLEM of contact of a plasma with a surface represents a classical example of a problem in which regions with essentially different properties appear: while the bulk of the plasma is quasi-neutral, there is a thin layer (sheath) adjacent to the surface in which deviations from quasi-neutrality are essential. The method of matched asymptotic expansions (e.g., [1] - [6] ) is a standard tool for dealing with such problems and represents a powerful alternative to intuitive approaches. This method was applied to the sheath theory as early as in the 1960s [7] - [10] . However, discussion still continues (e.g., [11] - [16] ) as to whether an intuitive approach based on patching provides a more appropriate description than the method of matched asymptotic expansions, especially in the cases of collisionless and moderately collisional sheaths.
Some authors argue that the method of matched asymptotic expansions leads to physical inconsistencies, while others believe that results provided by patching are grossly inaccurate. Neither of these reasonings is considered here. One should note, however, that the alleged inconsistencies are based on misinterpretation of asymptotic results; on the other hand, it is difficult to believe that results obtained by able scientists in the course of years by means of patching are totally incorrect. In the end, both the methods of matched asymptotic expansions and of patching are methods of approximate solution of certain mathematical problems. The final test of an approximate method is comparison with the exact solution. It is crucial to perform such tests on simple examples which involve only one process, namely that to which the approximation refers; if a problem involves several different processes, then the effect of an approximation in a description of one of them is difficult to unambiguously estimate due to the presence of the others.
We compare results given by patching, by the method of matched asymptotic expansions, and by the Child-Langmuir model in three examples. The first example is the problem of a collision-free steady-state sheath. The second one is the problem of a matrix sheath. Both examples are quite simple (in particular, they contain only one asymptotic parameter), thus serving best to unambiguously compare different approaches and their accuracy. As an example of a more complex problem, a theory of a collision-free RF sheath is considered.
II. COLLISION-FREE STEADY-STATE SHEATH
A number of regions with essentially different properties occur in the zone of contact of a low-pressure plasma with a negative absorbing surface; see, e.g., [17] , [18] . The following structure is accepted more or less universally at present: a quasi-neutral plasma region (pre-sheath), where the ions moving to the surface are accelerated up to the ion sound, or Bohm, velocity (here, is the electron temperature and is the mass of ion); the space-charge sheath, where the ions are accelerated from further on; and an intermediate quasi-neutral transition layer, where the ions cross the sound barrier. We designate by the scale of thickness of the pre-sheath (in the simplest case, it coincides with the ion mean free path). Thickness of the space-charge sheath is (of the order of the Debye length estimated in the pre-sheath). Thickness of the transition layer is . If the surface is highly negative, i.e., if the voltage drop in the sheath is much higher than , further structuring occurs: the space-charge sheath is nonuniform and comprises the ion layer, which is an electron-free section of the sheath adjacent to the surface, and the ion-electron layer, which is an outer (adjacent to the transition layer) section of the sheath in which the electron and ion densities are comparable. Thicknesses of the ion-electron layer and of the ion layer are of the orders of, respectively, and , where . The previously described regions are schematically shown in Fig. 1 . Here, the axis is directed from the surface into the plasma and is the velocity of the motion of ions in the direction to the surface normalized by the Bohm velocity.
The thickness of the transition layer substantially exceeds that of the ion-electron layer (or of the space-charge sheath on the whole, if the surface is moderately negative). The potential variation in the transition layer, being much smaller than , is much smaller than that in the ion-electron layer (or, respectively, in the sheath on the whole), which is of the order of . The ion velocity in the transition layer is close to the Bohm velocity . Hence, as far as the sheath is concerned, the transition layer may be replaced, to a first approximation, by an infinite uniform plasma with a constant potential and with the ion velocity equal to . In other words, a full problem dealing with the previously described structure on the whole may, to a first approximation, be split and the space-charge sheath may be treated independently.
The problem of a collisionless steady-state sheath separating a uniform plasma from an absorbing negative surface was formulated by Bohm [19] , who indicated, with a reasoning more or less similar to that given previously, that this is an approximation in a near-surface region of a full problem dealing with a nonuniform plasma. Being quite "clear-cut," this problem represents an adequate field for comparison of different approaches and their accuracies. Such a comparison is performed in this section.
In terms of the full problem dealing with the whole structure pre-sheath-transition layer-sheath, this comparison has the following meaning. Suppose that there is an approximate method which allows one to calculate the whole structure. The overall error of such a calculation has several components-the error in a description of the pre-sheath, the error in a description of the transition region, and the error in a description of the space-charge sheath. The aim of this section is to estimate just one component of the overall error, namely the error in a description of the sheath.
A. Equations and Boundary Conditions
We consider a uniform plasma separated from an absorbing negative surface by a collisionless sheath. (We remind that the uniform plasma here models the transition layer in the full problem dealing with the whole structure pre-sheath-transition layer-sheath). The ions are assumed to be cold. In the plasma, the number densities of ions and electrons are equal to (a given constant), the ions move to the surface with the Bohm velocity . A system of equations describing the sheath includes the equation of continuity of ion flux, the equation of motion of an ion, the Boltzmann distribution for electrons, and the Poisson equation (1) (2) Here, and are the number densities of ions and electrons, is the velocity of the motion of ions in the direction to the surface, and is the electrostatic potential counted from the potential of the plasma (transition layer).
On the plasma side of the sheath, all the parameters tend to respective values in the plasma (transition layer) (3) A boundary condition at the surface, , is obtained by specifying the local potential (4) where is the voltage drop in the sheath (a given positive quantity).
Introduce dimensionless variables
where . The problem (1)-(4) assumes the form (6) (7) (8)
B. Child-Langmuir Model and Models of Electron-Free Sheath Based on Patching
An approximate model based on neglecting the electron density in the sheath was set up by Child and Langmuir [20] , [21] . In the framework of this model, the second term on the right-hand side of the Poisson equation, accounting for the electron density, is dropped. Then, (6) may be easily solved jointly with the boundary condition (8) to give (9) (10) where is (module of) the dimensionless electric field and and are integration constants. One can see from (10) that function is limited from above. Hence, the solution cannot be extended to infinity and must not be used beyond a point positioned at a finite distance from the surface. This point is called the sheath edge and will be designated . Boundary conditions (7), valid at infinity, cannot be applied and should be replaced by boundary conditions at the sheath edge.
A position of the sheath edge in the framework of the approach considered cannot be derived and should be postulated, as well as boundary conditions at the sheath edge. A simple definition is obtained by assuming that solutions (9) and (10) are used in the whole region of its existence, thus, the sheath edge is a point at which this solution breaks down. One can see from (10) that function is decreasing and the solution breaks down at a point at which decreases down to value or, in other words, at which . Thus, the definition is equivalent to defining the edge of the electron-free sheath as a point at which the electric field described by equations of electron-free sheath vanishes. Using this definition and neglecting the ion velocity and potential at the edge in comparison with those inside the sheath, one arrives at the boundary conditions used in the Child-Langmuir model (11) These three boundary conditions are sufficient to determine the two integration constants and the dimensionless sheath thickness . One finds, in particular, . Godyak and Sternberg (e.g., [14] , [22] ) patched a pre-sheath solution with the large electric field at the sonic singularity and the electron-free sheath solution with the large electric field, neglecting both the transition layer and the ion-electron layer. The edge of the electron-free sheath was defined as a point at which (module of) the electric field equals . The ion velocity at the edge was set equal (in the case of a collisionless sheath) to the Bohm velocity . In the dimensionless variables, boundary conditions for the electron-free sheath are (12) A solution to this model is given by (9) and (10) with ; note that (9) and (10) with conform to (17) and (18) of [14] .
One can also consider boundary conditions which ensure a continuous transition from the electron-free sheath to the uniform plasma [23] (13)
In the context of the full problem dealing with the whole structure pre-sheath-transition layer-sheath, such an approach amounts to patching the transition layer solution and the ion layer solution, neglecting the ion-electron layer. This model will be referred to as the ion layer-transition layer model. The respective solution is given by (9) and (10) with and .
C. Asymptotic Model
The method of matched asymptotic expansions has been widely employed in the theory of space-charge sheaths in low-pressure plasmas (e.g., [17] , [18] and references therein), a small parameter being the ratio of the Debye length in the quasi-neutral plasma to the mean free path for collisions of ions with neutral particles. This approach is adequate for analysis of a transition from a quasi-neutral plasma to the sheath.
Another asymptotic approach is appropriate in order to describe asymptotically the model of electron-free sheath. Such an approach was developed in [23] and is based on considering as a large parameter. The ion layer and the ion-electron layer appear in this analysis in a natural way as asymptotic regions of thicknesses of the orders of and , respectively. Since the ion-electron layer is asymptotically thin compared to the ion layer, the latter has a more or less distinct edge. However, no unique definition of this edge can be given to accuracy better than (of the order of ). The dimensionless ion velocity, the electric field, and the voltage drop are of the orders of, respectively, , , and in the ion layer and of the order unity in the ion-electron layer.
It follows from these asymptotic estimates that the ion velocity, the electric field, and the voltage drop in the ion layer are asymptotically large compared to those in the ion-electron layer. Hence, any approximate model of the ion layer in which values of the ion velocity, the electric field, and the potential at the edge of the layer are much smaller than respective values inside the layer, is asymptotically correct to a first approximation. In particular, it can be shown that relative error of the three previously described models, in which the ion-electron layer is discarded and its consideration is replaced by intuitively established boundary conditions, is . (In other words, terms which are missing from the solution, or are calculated incorrectly, are of the order of relative to the leading terms). A more accurate model of the ion layer may be established with the use of boundary conditions obtained from a proper analysis of the ion-electron layer. These boundary conditions may be obtained in the following way [23] . First integrals of (6) subject to boundary conditions (7) read (14) Note that the second equation in (14) was obtained by integrating the Poisson equation multiplied by . Equation (14) describes a solution in the ion-electron layer. In order to obtain boundary conditions for equations of the ion layer, we extrapolate this solution into the ion layer, following van Dyke's matching principle (e.g., [1] , [3] ). To this end, vari- ables are rescaled in such a way that new variables be of the order unity in the ion layer (15) Equation (14) assumes the form in the new variables (16) Equation (16) contains three terms which are small at large , all of them of different orders of smallness. The most accurate extrapolation is obtained by dropping only the second term on the right-hand side of the second equation in (16) , which is exponentially small, while retaining the other two terms, which are algebraically small. The resulting equations read after transforming to the original dimensionless variables (17) These equations represent the desired extrapolation of the ionelectron layer solution into the ion layer. They match the ion layer solution (9) provided that and .
Equations (9) and (10) with and will be referred to as the asymptotic, or exponential-accuracy model. Note that the simplest extrapolation, which corresponds to dropping all the three small terms of (16), results in , i.e., in the Child-Langmuir model.
It should be emphasized that the asymptotic model does not involve the concept of an edge to the ion layer (i.e., it does not involve a formulation of boundary conditions at one point) and is in this aspect fundamentally different from the models considered in the preceding section. On the other hand, one can invoke this concept in order to better illustrate results of the model. For example, one can define an edge of the ion layer as a point at which the extrapolation of the electric field described by equations of ion layer vanishes. Then one finds, using (9) with and , the following boundary conditions at the edge of the ion layer:
These boundary conditions allow a quite simple interpretation: they imply that the ions are accelerated in the ion-electron layer from the Bohm velocity, , on the plasma side of the ion-electron layer, to twice the Bohm velocity, , on the ion layer side of the ion-electron layer, the voltage drop in the ion-electron layer being . We conclude this section with a few comments concerning boundary conditions (18) . These conditions are illustrated by Fig. 2 , in which the (exact) data obtained from (14) are shown. The coordinates in the figure have been chosen in such a way that the ion-layer solution, (9), be represented by straight lines. On can see that the curves representing the exact data indeed have (straight-line) asymptotes at high values of abscissa, or, which is equivalent, at high values of . These asymptotes, being extrapolated to , define the boundary conditions (18) . Thus, these boundary conditions appear in a quite natural way; in fact, they remind one of the conventional definition of the near-electrode voltage drop [difference between a value obtained by extrapolation to the electrode surface of the (linear) potential distribution in the discharge column and the actual potential of the surface].
Boundary conditions (18) , having been obtained by means of an extrapolation, do not amount to assuming that there is a real physical point at which and (of course, no such point exists).
It should be emphasized that the boundary conditions (18) have been introduced merely as a matter of illustration of results and are not a part of the asymptotic procedure. Therefore, boundary conditions of this type are not unique. Indeed, one can define an edge of the ion layer as a point at which the extrapolation of the electric field described by equations of ion layer takes any given finite value , not necessarily as chosen while formulating boundary conditions (18) . Then, the respective boundary conditions are obtained by setting in (9) with and . Since any choice of is legitimate, anyone who finds the choice not clear enough may choose any other value of (or discard these boundary conditions altogether). , one should keep in mind that the range of finite corresponds to the ion-electron layer and is not described by the ion-layer solution. In other words, boundary conditions corresponding to any finite , strictly speaking, represent extrapolated values rather than real physical ones. In this sense, no finite value of is preferable. On the other hand, the value is "marked out" in the sense that this choice corresponds to identifying the edge of the ion layer with a point at which the ion-layer solution breaks down.
It is useful to consider the latter argument in the context of the full problem dealing with the whole structure pre-sheath-transition layer-sheath. As is mentioned previously, boundary conditions (18) imply that the ions are accelerated in the ion-electron layer from the Bohm velocity to twice the Bohm velocity
. The values and have quite a definite meaning: they represent, respectively, the limiting value of the ion velocity in the transition layer and the limiting value obtained by extrapolation of the ion-layer solution; see Figs. 1 and 2(a). All other values have no definite meaning, such as values given in [24] where a conclusion is drawn that the ions leave the quasi-neutrality region and enter the transition region with and leave the transition region entering the space-charge sheath region with the velocity .
D. Comparison of Results Given by Different Models
The four previously described models of the ion layer are summarized in Table I . They have been obtained in different ways: in terms of the full problem dealing with the whole structure pre-sheath-transition layer-sheath, one can say that the Child-Langmuir model is based on neglecting the ion velocity, electric field, and potential variation in the ion-electron layer in comparison with those inside the ion layer; the Godyak and Sternberg model is based on patching a pre-sheath solution and the ion layer solution; the ion layer-transition layer model is based on patching the transition layer solution and the ion layer solution; the asymptotic model is based on asymptotic matching of the ion-electron layer solution and the ion layer solution. On the other hand, each of these models provides a closed description of the same physical object, the space charge sheath on a negative absorbing surface, and these descriptions can be compared between themselves and with exact results.
In particular, one can compare integral characteristics of the space-charge sheath given by different models. As an example, the ratio of values of the electric field at the surface given by these models to exact values is shown in Fig. 3 . The dashed line corresponds to the zero-error situation,
. One can see that the Godyak-Sternberg model provides a higher accuracy than the Child-Langmuir model and the ion layer-transition layer model provides a higher accuracy than the Godyak-Sternberg model, however both improvements are not drastic. Obviously, the latter conforms to the previously mentioned fact that all the three models have the same asymptotic accuracy. On the contrary, the method of matched asymptotic expansions provides a remarkable improvement: the error does not exceed 4% even at , which is of the order unity rather than large and the error very rapidly decreases with increase of .
III. MATRIX SHEATH
The model of a matrix sheath with a homogeneous ion distribution, , (e.g., [25] ) describes an intermediate phase of a fast expansion of the sheath, at which the electron distribution has already adjusted to the electric field while ions in the sheath still have not started to move. Results obtained for this model will be used also in a theory of RF sheaths considered in the Appendix.
The model of a matrix sheath is described, in dimensionless variables, by the problem (19) (20) An equation describing the ion layer is obtained by dropping the second term on the right-hand side of the Poisson Equation (19) . Solving the resulting equation jointly with the first boundary condition in (20) , one finds (21) where is an integration constant. Trivial boundary conditions similar to the Child-Langmuir conditions, (11), read (22) Note that these conditions ensure in this case a continuous transition from the ion layer to the plasma. Applying these conditions, one finds . Boundary conditions similar to those used by Godyak and Sternberg (12) read (23) One finds for this model. The method of matched asymptotic expansions can be applied along the lines described in [23] and summarized in Sec- tion II-C of the present work. Multiplying (19) by , integrating and making use of the boundary condition one finds (24) This solution describes the ion-electron layer. Its most accurate extrapolation into the ion layer is obtained by dropping the exponential term (25) Equation (25) matches (21) provided that . Now that the asymptotic solution has been found, one can interpret it in terms of boundary conditions at an "edge" of the ion layer. Similarly to Section II-C, we define the edge, , as a point at which the extrapolation of the electric field described by the ion layer solution vanishes. Then the boundary conditions in question read (26) The physical meaning of these boundary conditions is quite clear: they imply that the voltage drop in the ion-electron layer is . The three previously described models of the matrix ion layer are summarized in Table II . Their accuracy is illustrated by Fig. 4 , in which a ratio is shown of values of the electric field at the surface given by these solutions to exact values. The Child-Langmuir model provides a somewhat higher accuracy than the Godyak-Sternberg model. This is consistent with findings of the preceding section, given that a continuous transition between the ion layer and the uniform plasma in the problem considered in the present section is ensured by the Child-Langmuir boundary conditions. The exponential-accuracy model provides a drastic improvement: the error does not exceed 1.3% even at .
IV. COLLISION-FREE RF SHEATH

A. Equations and Boundary Conditions
The model of a high-voltage collisionless capacitive RF sheath driven by a sinusoidal current source considered in this work is the same as that treated in [26] - [28] and is based on the assumption that the ions respond to the time-averaged electric field while the electrons are inertialess and respond to the instantaneous electric field. The ion velocity distribution is time-independent while the potential distribution is a periodic function of time (with the period , being the driving frequency). Dimensionless ion velocity and potential (here is the dimensionless time) satisfy equations and boundary conditions [cf. (6) , (7)] (27) (28) Here and further, the bar signifies a time-averaged value; in particular, is the time-averaged potential. The total current density at the electrode surface is assumed to be controlled by a sinusoidal external current source (29) where is the mass of electron and is a given parameter. Terms on the left-hand side of (29) account for, respectively, the conduction currents transported by the ions and the electrons and the displacement current.
Following [26] and [28] , we assume the requirement of zero time-averaged conduction current at the electrode surface as another boundary condition (30) The ratio of the first term on the left-hand side of (29) to the third term may be shown to be of the same order as the ratio of the period of the driving field to the time of flight of ions across the sheath. Under the approximation of ions responding to the average electric field, one should consider the latter ratio to be small and the ion conduction current can be neglected. The time-averaged electron conduction current, being equal to the ion current, is negligible as well. It will be assumed that the latter applies also to the instantaneous electron conduction current.
Note that (30) was introduced in [26] and [28] for a symmetric RF discharge with an explicit reference to the symmetry. Alternatively, it can be obtained by time-averaging (29); this procedure is not inconsistent with the smallness of the conduction-current terms of (29) .
In the dimensionless form, (29) (with dropped conductioncurrent terms) and (30) where is the ion plasma frequency and is the density of ion current. Since is an even function of , it is sufficient to solve the problem (27) , (28), (31) , (32) in the interval . After the problem has been solved, one will be able to find the voltage drop across the sheath as a function of time, .
B. Asymptotic Model
The problem (27) , (28), (31), (32) involves two control parameters, and . The previous assumption of ions responding to the time-averaged electric field and of inertialess electrons is based on the difference of particle masses. Hence, one should consider as a large parameter in order to be consistent.
characterizes the driving current and may, in principle, take any value. In the limiting case , the amplitude of oscillations of the sheath voltage is much smaller than and the previous problem describes small RF oscillations of a sheath at a floating surface. The corresponding solution may be obtained by linearizing the problem about the steady-state solution corresponding to . Note that the amplitude of oscillations of the sheath voltage is of the order of in this limiting case.
In the opposite limiting case , the amplitude of oscillations of the sheath voltage considerably exceeds . Taking into account that the dimensionless voltage across a high-voltage steady-state sheath is of the order of the fourth power of the dimensionless electric field at the electrode surface [see (9) ], one should suppose that the sheath voltage is of the order of in this limiting case. is typically a few volts under conditions of practical interest and the sheath voltage is a few hundred volts, which means that is of the order of . Hence, it is the limiting case that is realized under conditions of practical interest. An asymptotic solution for this limiting case is obtained in this work by means of the method of matched asymptotic expansions. The asymptotic structure of the near-electrode perturbation region is illustrated by Fig. 5. [Here and further and are normalized charged-particle densities]. Similarly to the case of a high-voltage steady-state sheath, there is an electron-free ion layer, which gives a dominating contribution to the sheath voltage. We designate by the instantaneous position of the edge of the ion layer or, in other words, thickness of the ion layer. This thickness oscillates between minimum and maximum values which will be designated and , respectively; see Fig. 6 . There is also a thin ion-electron layer in the vicinity of the point . In contrast to the case of a steady-state sheath, the ion-electron layer does not border the undisturbed plasma: every point of the region has been submerged, during a part of the RF cycle, into the ion layer. The plasma is quasi-neutral in this region, which means that the instantaneous electron density is to a first approximation equal to the ion density, . Every point of the region is alternately submerged into the quasi-neutral region and into the ion layer. Hence, the time-averaged electron density in this region is smaller than the ion density which, in turn, is smaller than the charged-particle density in the undisturbed plasma, . The region is always submerged into the ion layer, hence, the time-averaged electron density in this region is asymptotically small compared to the density of ions. Orders of magnitude of the (dimensionless) instantaneous potential and electric field in the ion layer and of the thickness of the ion layer are similar to those in the case of a high-voltage steady-state sheath, namely , , and , respectively. It follows that and that , , in the region . When treating higher approximations, it may eventually become necessary to deal with a more complex asymptotic structure. However, the previously described asymptotic structure consisting of three zones is sufficient for the purposes of this work. Each of the three asymptotic zones is analyzed in some detail in Appendix.
C. Comparison of Results Given by Different Models
An expression for the dimensionless sheath voltage that follows from the asymptotic analysis of the Appendix reads (34) where , , and are given by (62), (63), and (69) of the Appendix. The error of this formula is (i.e., terms missing from this formula are of an order lower than ). In other words, this formula is accurate to the second approximation. The first and second terms on the right-hand side account for the voltage drop in the outer section of the ion layer ; the third term accounts for the voltage drop in the inner section of the ion layer, . It should be emphasized that, although the voltage drop in the quasi-neutral region does not appear in this formula explicitly, it has had an important effect on the calculations. In particular, if the potential variation in the quasi-neutral region is neglected, then factor will appear in the second term on the right-hand side of (34); cf. (36). [If the second term on the right-hand side of (49) of the Appendix is discarded, then the constant appearing in (53) will be equal to ].
A simpler formula can be obtained by considering only the first approximation, i.e., by retaining only the term in on the right-hand side of (34) (35) This formula can be derived from the original problem by assuming that ions enter the perturbed plasma region with a negligible velocity, that the instantaneous voltage drop outside the ion layer is negligible, and that . The first two assumptions are similar to those on which the Child-Langmuir model of a steady-state sheath is based, hence, one can consider this formula as an analog for an RF sheath of the Child-Langmuir formula for a steady-state sheath. Note that is inversely proportional to , hence, the dimensional sheath voltage predicted by this formula is independent of (for an ion current given) as it should. The error of this formula is . Lieberman [27] has taken into account that ions enter the perturbed plasma region with a finite (Bohm) velocity. The instantaneous voltage drop outside the ion layer was neglected and was set equal to zero. The solution for the sheath voltage reads (36) The error of this solution is comparable to that of the ChildLangmuir solution, i.e.,
. In other words, this solution is asymptotically correct to the first approximation but not to the second.
Godyak and Sternberg [28] have taken into account the nonzero ion velocity on entering the perturbed plasma region, a nonzero instantaneous voltage drop in the quasi-neutral plasma region, and nonzero . Unfortunately, voltage drop in the quasi-neutral plasma region was evaluated by assuming that the electric field in this region takes the constant value prescribed by the boundary condition (12) . This assumption, the incorrectness of which was pointed out in [29] , resulted in the appearance in the solution [28] of terms in , which are not confirmed by the asymptotic analysis. [Note that the parameter , used in [28] , is related to as ]. Thus, error of the solution [28] in the limit of large is . One can conclude that the Child-Langmuir, Lieberman, and Godyak-Sternberg solutions are asymptotically correct to the first approximation only. However, the Child-Langmuir and Lieberman solutions are more accurate than the Godyak-Sternberg solution: terms missing from (35) or calculated incorrectly in (36) are of the order of , which is lower than the order of terms calculated incorrectly in the Godyak-Sternberg solution . In [29] , results of numerical solution for are given and compared with predictions of the models [27] , [28] . Numerical results of [29] and respective data [28] for and for and two values of , taken from [29, Figs. 3, 4] , are shown in Table III . Also shown are results predicted by (34)-(36). One can see that the ChildLangmuir model is at more accurate than the model [28] , but somewhat less accurate than the model [27] . In all the cases, the most accurate results are predicted by (34). This conforms to the asymptotic accuracies of respective models. Note that one can try, following [28] , to obtain an approximate analytic solution which would be uniformly valid at all values, from low to high. Leaving this theoretically interesting question beyond the scope of this work, we note the following. A solution for small can be derived without major difficulties, but at the boundary condition (32) allows no simplifications and an analytical solution hardly exists. However, it is usually possible to find a reasonable approximation of a function for all values of its argument on the basis of asymptotic solutions for low and high values. Such an approximation can be constructed in the considered problem in the following simple manner. An expression for the sheath voltage at low has to a first approximation the form , where is a function of time. After this function has been found, one can add the term to the right-hand side of (34). The expression derived will have the correct asymptotic behavior both at small and large and one can hope that it will provide a reasonable approximation also at .
V. CONCLUSION
A comparison of results given by the method of matched asymptotic expansions, by the Child-Langmuir model, and by patching, between themselves and with exact solutions, performed for a steady-state sheath, a matrix sheath, and an RF sheath, has unambiguously shown that the method of matched asymptotic expansions provides a considerably higher accuracy.
In all the cases, the Child-Langmuir model and patching provide results which are accurate to the first approximation in the sheath voltage but not to the second, irrespective of details of patching. This is a consequence of the fact that the ion velocity, the electric field, and the voltage drop in the ion-electron layer are asymptotically small compared to those in the ion layer, therefore, values of these quantities at the edge of the ion layer produce only a second-order effect over a solution inside the layer. For a steady-state sheath and a matrix sheath, the accuracy of the asymptotic solution is exponential and the solution is, in practical terms, exact already for sheath voltages of , i.e., even in cases when the potential of the electrode surface is above the floating potential. Note that an asymptotic solution to the exponential accuracy can be obtained for a steady-state sheath also in a collision-dominated case [30] . The asymptotic solution obtained in the present work for an RF sheath is accurate to the second approximation and can be further improved, if necessary.
One should emphasize once again that the reasoning of some authors that the method of matched asymptotic expansions leads to physical inconsistencies is based on misinterpretation of asymptotic results. An illustration of this statement was given at the end of Section II-C: The boundary conditions (18) result from an extrapolation of the ion layer solution and do not amount to assuming that there is a real physical point at which and . Further illustrations can be given, however, we consider them unnecessary: in our view, the final test of an approximate method is a comparison with the exact solution, and one would not believe that the method of matched asymptotic expansions, which systematically gives a higher accuracy than patching, is less physically consistent.
Patching is, no doubt, an intellectually attractive idea and continual attempts to improve it are understandable. However, the previous examples unambiguously lead to the conclusion that such attempts bring no reward. If not satisfied with a simple model like the Child-Langmuir one, one should better resort to a standard tool, i.e., to the method of matched asymptotic expansions. It will give more accurate and reliable results than patching. The results will be unique, too. No other researcher will obtain different results in the same problem to the same accuracy, in contrast to patching which usually leads different researchers to different solutions.
An example of practical interest in the field of low-temperature plasmas in which the use of intuitive considerations instead of a regular asymptotic treatment leads to a totally incorrect solution will be given in the companion paper [31] .
APPENDIX ASYMPTOTIC SOLUTION OF THE PROBLEM OF A COLLISION-FREE RF SHEATH
Employing the quasi-neutrality condition, one finds the instantaneous potential and electric field in the quasi-neutral region to a first approximation (37)
We need an estimate of accuracy of the first expression in (37). If is not close to (i.e., if is of the order unity rather than small), one can divide the quasi-neutral region into two asymptotic subzones: the bulk where and an outer section where . In the bulk, it follows from (37) that and ; the left-hand side of the Poisson equation may be estimated to have the order of relative to each term on the right-hand side and error of the first expression in (37) is . In the outer section, and error of the first expression in (37) may be estimated as (i.e., much smaller than unity). If is close enough to , in the whole quasi-neutral region; one can say that the bulk section is absent. Thus, the error of the first expression in (37) may be estimated as . If is not close to , thickness of the ion-electron layer is of the order of , which corresponds to the Debye length estimated in terms of the characteristic charged particle density in the perturbation region. As approaches , the local density of the charged particles increases and the thickness of the ion-electron layer decreases, reaching the order unity. Variation of the (instantaneous) potential in the layer is of the order unity. Variation of the ion density in the ion-electron layer is small, hence, one can use to a first approximation the theory of Section III and the (dimensionless) voltage drop across the ion-electron layer equals . The Poisson equation in the ion layer assumes the form (38)
The boundary condition for this equation at the electrode surface is given by (31) . Boundary conditions at the edge of the ion layer are formulated in the spirit of Section III and read 
where is given by
Proceed now to finding the time-averaged electric field in the region . Every point is submerged during time intervals and into the ion layer and the quasi-neutral region, respectively; during a short interval around the moment it is submerged into the ion-electron layer. Contributions of the former two intervals can be calculated by means of (37) and (44), respectively. Contribution of the interval around the moment may be evaluated as follows. A variation of shape of the moving ion-electron layer during the interval considered is asymptotically small, hence, a function describing the distribution of the electric field in the layer depends to a first approximation on a single variable . Integrating this function over , then changing the integration variable from to and taking into account that the velocity of movement of the ion-electron layer is to a first approximation constant during the interval considered and may be set equal to , one finds that the contribution in question equals, to a first approximation, . Gathering contributions of all the three intervals and expressing by means of (42), one finds (47) Accuracy to which this equation describes the function is limited by the accuracy to which the second and third terms on the right-hand side have been derived and is . Note that the assumption of a locally constant velocity of motion of the ion-electron layer, which was used while deriving the third term, ceases to be applicable in the vicinities of the points , . However, these vicinities are thin and (47) to the accuracy can be used in the whole interval . Differentiating (43) with respect to , one gets . Again, the method of matched asymptotic expansions may be applied, although asymptotic structure of the solution is different from that characterizing the distribution of the instantaneous potential. In principle, it is not difficult to achieve accuracy up to terms , however, the treatment of this work for brevity is restricted with the accuracy of . A straightforward expansion is sought in the form This asymptotic behavior is compatible with the solution (58) provided that . Expansion (56) breaks down in the region , where the last term on the right-hand side of (49) comes into play. However, this region may be disregarded in the present analysis: function to the accuracy of on the whole interval is given by (50) and (53) with . Changing integration variables in (46) from to with the use of (48) and substituting (50) and (53), one obtains, to the accuracy of 
Now, consider the interval . For simplicity of presentation, we assume that is of the order of (this assumption will be checked at the end of analysis after has been found). Then, an expression for the potential in the considered interval may be obtained by expanding function in the Taylor series about the point and using (38), (44), and (45). In particular, one obtains for the potential of the electrode surface, to the accuracy (64) where . Parameter should be determined with the use of the boundary condition (32) . Since function is large (of the order of ), exponent on the left-hand side of (32) is a strongly varying function of and the average value may be evaluated by means of the Laplace method (e.g., [32] ). The method makes use of the fact that a dominating contribution is given by a narrow vicinity of the moment , at which attains a maximum value, and is as follows. Similarly to the function , function is even with respect to the point . It follows from (46) that . It can be shown by differentiating (46) that . It can be shown by differentiating (61) that to a first approximation. We expand each item on the right-hand side of (64) in the Taylor series about the point and retain in each expansion only the leading term (65)
We substitute this expansion into (32) and change integration variables from to (66) Note that a dominating contribution to the integral is given by the region , or, equivalently, by the region . This justifies the usage, to the accuracy of , of (65).
Replacing, with an exponentially small error, the integration limits in (66) with minus and plus infinities, one arrives at (67) where is defined as
and may be expressed in terms of the Bessel functions. It is of interest to note that this integral is different from the one appearing in the treatment of the boundary condition (32) in the limit of large in the work [28] : the exponent in the integrand in [28] does not involve the term in , which has appeared in the present analysis from expansion of , i.e., of the leading term on the right-hand side of (64). Equation (67) allows one to determine as a function of the ratio . After that, one can find electrode surface potential by substituting (61) into (64), thus arriving to (34) of Section IV. Accuracy of this expression is limited by that of (61) and is , therefore, terms of higher orders have been dropped.
A solution to (67) is shown in Fig. 7 . is of the order unity in the range of of interest, which confirms the previous assumption that . As the ratio increases, decreases and, at , vanishes. As grows further, (67) has no solution, i.e., the model breaks down. The reason is that the voltage drop in the quasi-neutral region is too high and a number of electrons reaching the electrode about the moment is insufficient to balance the average ion current; as a consequence, the sheath voltage changes sign. Leaving a further discussion beyond the scope of this work, we note that the breakdown occurs in the second approximation rather than in the first one; it occurs at high when second approximation terms are small anyway. Hence, one can simply discard the last term on the right-hand side of (34) in such cases.
For completeness, we give a simple fit formula which allows one to estimate function with an error below 0.05 (69)
